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STABILITY OF RIEMANNIAN MANIFOLDS WITH KILLING
SPINORS
CHANGLIANG WANG
Abstract. Riemannian manifolds with non-zero Killing spinors are Einstein manifolds.
Klaus Kro¨ncke proved that all complete Riemannian manifolds with imaginary Killing
spinors are (linearly) strictly stable in [Kro¨17]. In this paper, we obtain a new proof for
this stability result by using a Bochner type formula in [DWW05] and [Wan91]. More-
over, existence of real Killing spinors is closely related to the Sasaki-Einstein structure.
A regular Sasaki-Einstein manifold is essentially the total space of a certain principal
S1-bundle over a Ka¨hler-Einstein manifold. We prove that if the base space is a product
of two Ka¨hler-Einstein manifolds then the regular Sasaki-Einstein manifold is unstable.
This provides us many new examples of unstable manifolds with real Killing spinors.
1. Introduction
Einstein metrics naturally come out of some variational problems. For example Ein-
stein metrics on a compact manifold M are the critical points of the total scalar cur-
vature functional with the fixed volume 1. Then the stability problem naturally comes
up when we consider the second variation of the total scalar curvature functional with
the fixed volume 1 at an Einstein metric g. The second variation formula is given by
−1
2
〈∇∗∇h − 2R˚h, h〉L2(M), when restricted in traceless transverse direction, i.e. h ∈
C∞(M,S2(M)) satisfying trgh = 0 and δgh = 0, where S
2(M) is the bundle of sym-
metric 2-tensors, (R˚h)ij = Rikjlh
kl, and δgh is the divergence of h. An Einstein manifold
(Mn, g) is said to be stable if 〈∇∗∇h− 2R˚h, h〉L2(M) ≥ 0 for all traceless transverse sym-
metric 2-tensors h, and otherwise, (Mn, g) is unstable. (Mn, g) is said to be strictly stable
if 〈∇∗∇h− 2R˚h, h〉L2(M) ≥ c〈h, h〉L2(M) for some constant c > 0. The operator ∇∗∇− 2R˚
acting on symmetric 2-tensors in C∞(M,S2(M)) is called the Einstein operator. If the
manifold is non-compact, we only consider compactly supported symmetric 2-tensors h.
This stability problem has been extensively studied, see e.g. [Koi78], [Koi79], [Koi80],
[DWW05], [DWW07], [Kro¨17], and also see the book [Bes87] for an introduction of this
stability problem and some discussions of many interesting results on this problem.
The stability problem of Einstein metrics was also similarly studied with respect to
variation formulae of Perelman’s ν-entropy (see, e.g. [Per02] and [CZ12]) for Einstein
metrics with positive Ricci curvature, and also variation formulae of ν+-entropy (see, e.g.
[FIN05] and [Zhu11]) for Einstein metrics with negative Ricci curvature. For example,
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H-D. Cao and C. He studied stability of Einstein metrics with respect to ν-entropy on
symmetric spaces of compact type in [CH15].
In this paper, we will study the stability of complete Riemannian manifolds with non-
zero Killing spinors, which then are Einstein manifolds. These manifolds are important in
both mathematics and physics. Th. Friedrich initiated the mathematical investigation of
Killing spinors in [Fri80]. And then complete Riemannian manifolds with Killing spinors
were classified in [Bar93], [Bau89a], [Bau89b], [FK89], and [FK90] (also see the book
[BFGK91]). Riemannian manifolds with real and imaginary Killing spinors have several
very distinct properties. For example, Riemannian manifolds with non-zero real Killing
spinors are compact. On the other hand, Riemannian manifolds with non-zero imaginary
Killing spinors are non-compact (see [CGLS86] and [Bau89b]). So we study the stability
of these two kinds of manifolds separately.
If we allow a Killing constant to be zero, then parallel spinors can be viewed as Killing
spinors with zero Killing constant. And in particular, Riemannian manifolds with non-
zero parallel spinors are Ricci-flat, i.e. Ricci curvature is zero. X. Dai, X. Wang, and
G. Wei proved that manifolds with non-zero parallel spinors are stable in [DWW05] by
deriving a Bochner type formula, and rediscovery a result in [Wan91].
Then it is very natural to ask whether we can estimate the Einstein operator on mani-
folds with Killing spinors and further conclude some stability results for these manifolds
by extending X. Dai, X. Wang and G. Wei’s Bochner type argument to Killing spinor
case because Killing spinors give us a similar Bochner type formula as parallel spinors.
We will answer this question for imaginary and real Killing spinors separately.
Recall in [Bau89b] an imaginary Killing spinor σ is called to be of type I if there exists
a vector field X such that X · σ = √−1σ, where “ · ” denotes the Clifford multiplication,
and otherwise, σ is of type II. As mentioned in [Kro¨17], non-constant length functions of
imaginary Killing spinors will cause some issues for extending the Bochner type argument
to the imaginary Killing spinor case. Here, we overcome this difficulty and obtain the
following estimate for Einstein operator on complete Riemannian manifolds with imagi-
nary Killing spinors of type I by using a Bochner type formula in [DWW05] and [Wan91].
Later on, we will see that type I imaginary Killing spinors are the only interesting ones
for us, since the stability of complete manifolds with type II imaginary Killing spinors
has been fully understood.
Theorem 1.1. Let (Mn, g) be a complete Riemannian manifold with a non-zero imaginary
Killing spinor of type I with the imaginary Killing constant µ. We have
(1.1)
∫
M
〈∇∗∇h− 2R˚h, h〉dvolg ≥ −[n(n− 2)− 4]µ2
∫
M
〈h, h〉dvolg.
for all compactly supported traceless transverse symmetric 2-tensor h.
Corollary 1.2. Complete Riemannian manifolds with non-zero imaginary Killing spinors
are strictly stable.
3H. Baum proved that n-dimensional complete Riemannian manifolds with imaginary
Killing spinors of type II with Killing constant
√−1ν are isometric to the n-dimensional
hyperbolic space Hn
−4ν2 with constant sectional curvature −4ν2. N. Koiso proved that
Einstein manifolds with negative sectional curvature, in particular, hyperbolic spaces, are
stable in [Koi79] (also see [Bes87]). Indeed, by the first inequality in 12.70 in [Bes87],
one can see that 〈∇∗∇h − 2R˚h, h〉L2 ≥ 4(n − 2)ν2〈h, h〉L2 for all compactly supported
traceless transverse 2-tensors h on the hyperbolic space Hn
−4ν2 . Therefore, we focus on
Riemannian manifolds with imaginary Killing spinors of type I and by applying Theorem
1.1 we obtain a new prove for Corollary 1.2, which has been proved in [Kro¨17].
In the case of real Killing spinors, which have constant length functions, by doing an
integration by parts, the Bochner type formula in [DWW05] and [Wan91] gives us a lower
bound −(n−1)2µ2 for the Einstein operator on n-dimensional manifolds with real Killing
spinors with Killing constant µ. In [GHP03], they used essentially the same argument to
obtain a lower bound −(n2−10n+9)µ2 for the Lichnerowicz Laplacian on n-dimensional
manifolds with real Killing spinors with the Killing constant µ. On an Einstein manifold,
the Einstein operator is just a constant shift of the Lichnerowicz Laplacian, and these two
estimates are equivalent.
Unlike the case of imaginary Killing spinors, from this estimate we cannot conclude a
general stability result. Actually, we have both stable and unstable examples: standard
spheres are stable Riemannian manifolds with real Killing spinors; the Jensen’s sphere
(also called the squashed sphere) is an unstable Riemannian manifold with a real Killing
spinor. We refer to [ADP83], [Bar93], [Bes87], [Jen73], and [Spa11] for the Jensen’s sphere.
Riemannian manifolds with non-zero real Killing spinors are either standard spheres in
even dimensions, except in 6 dimension, or Sasaki-Einstein in odd dimensions, except in 7
dimension. We know that standard spheres are strictly stable. Therefore, we focus on the
stability of Sasaki-Einstein manifolds, especially regular Sasaki-Einstein manifolds, which
then are the total spaces of principal S1-bundles over Ka¨hler-Einstein manifolds. We will
use this structure property to study the stability of regular Sasaki-Einstein manifolds,
and we obtain many new unstable examples of manifolds with real Killing spinors.
Let pi : (M2p+1, g) → (B2p, G, J) be a principal S1-bundle with a connection η, where
(M2p+1, g) is regular Sasaki-Einstein, (B2p, G, J) is Ka¨hler-Einstein, and pi is a Riemann-
ian submersion. HereG is the Ka¨hler metric on B2p, and J is the almost complex structure
on B2p. We denote h˜ = pi∗h, for all symmetric 2-tensors h ∈ C∞(B, S2(B)). Then we
have the following relationship between Einstein operators on the base Einstein manifold
B and the total Einstein manifold M .
Theorem 1.3.
(1.2) 〈(∇g)∗∇gh˜− 2R˚gh˜, h˜〉 = (〈(∇G)∗∇Gh− 2R˚Gh, h〉+ 4〈h, h〉+ 4〈h ◦ J, h〉) ◦ pi,
where h ◦ J ∈ C∞(B, S2(B)) with h ◦ J(X, Y ) = h(JX, JY ).
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Corollary 1.4. If there exists a traceless transverse symmetric 2-tensor h ∈ C∞(B, S2(B))
such that
∫
B
(〈(∇G)∗∇Gh− 2R˚Gh, h〉dvolG < −8
∫
B
〈h, h〉dvolG, then (M2p+1, g) is unsta-
ble.
Moreover, we know the Riemannian product of two Einstein manifolds with the same
Einstein constant is an unstable Einstein manifold with a canonical unstable direction.
By applying Theorem 1.3, we obtain that the lift of this canonical unstable direction is
an unstable direction on the total space if the base is the product of two Ka¨hler-Einstein
manifolds, and therefore we have the following corollary.
Corollary 1.5. If the base space (B2p, g) is a product of two Ka¨hler-Einstein manifolds,
then (M2p+1, g) is unstable.
Corollary 1.5 provides us many new examples of unstable manifolds with real Killing
spinors. Before this, the Jensen’s sphere is the only known example of unstable manifolds
with real Killing spinors. However, the Jensen’s sphere is very speical. It is the only
known manifold with exactly one linearly independent real Killing spinor, and therefore
it is not Sasaki-Einstein. Corollary 1.5 shows the existence of more generic unstable
manifolds with real Killing spinors.
The paper is organized as follows. In Section 2, we will review classification results
of Riemannian manifolds with Killing spinors and some properties of imaginary Killing
spinors, which will be used in Section 4. In Section 3, we will present a proof of the
Bochner type formula from Killing spinors in [DWW05] and [Wan91]. In Section 4, we
will prove Theorem 1.1 and Corollary 1.2. In Section 5, we will briefly discuss stability of
manifolds with real Killing spinors by using the Bochner type formula. In Section 6, we
will give a brief introduction for Sasaki-Einstein manifolds, and prove Theorem 1.3 and
its corollaries.
2. Riemannian manifolds with imaginary Killing spinors
In this section, we review classification results of Riemannian manifolds with Killing
spinors and some properties of Killing spinors. We will mainly focus on complete Rie-
mannian manifolds with imaginary Killing spinors studied in [Bau89a] and [Bau89b],
because Baum’s results about the structure of complete Riemannian manifolds with imag-
inary Killing spinors play a very important role in our estimate of the Einstein operator
on these manifolds.
Let (Mn, g) be a Riemannian manifold with a non-zero Killing spinor σ with the Killing
constant µ 6= 0, i.e.
(2.1) ∇SXσ = µX · σ,
for any vector field X , where ∇S denotes the canonical connection on the spinor bundle
induced by the Levi-Civita connection on the tangent bundle TM , and “ · ” denotes the
Clifford multiplication. Then the Riemannian manifold (Mn, g) is an Einstein manifold
5with scalar curvature R = 4n(n − 1)µ2 (see, e.g. [Fri00]). Because the scalar curvature
is real, µ can only be real or purely imaginary. A non-zero Killing spinor is said to be
imaginary (resp. real) if its Killing constant is imaginary (resp. real). For details about
spin geometry, we refer to [Fri00] and [LM89]
Let us first recall two differences between manifolds with real Killing spinors and man-
ifolds with imaginary Killing spinors pointed out in [Bau89b] (also see [CGLS86]):
(1) Let (Mn, g) be a complete Riamnnian manifold with a Killing spinor σ. If σ is real
(with a non-zero real Killing constant), then Mn is compact. If σ is imaginary,
then Mn is non-compact.
(2) Let f(x) := 〈σ(x), σ(x)〉Sx denote the length function of a non-zero Killing spnior
σ. If σ is real, then f is constant. If σ is imaginary, then f is a non-constant and
nowhere vanishing function.
As pointed out by Klaus Kro¨ncke in [Kro¨17], the fact that the length function f of an
imaginary Killing spinor is not constant will cause some issues when we use the Bochner
type argument in [DWW05] to estimate the Einstein operator on a Riemannian manifold
with imaginary Killing spinors. In order to deal with the issues, we investigate the length
function f more carefully, and we recall some properties of the length function f proved
in [Bau89b]. Let (Mn, g) be a complete Riemannian manifold with an imaginary Kiling
spinor σ with Killing constant µ =
√−1ν.
Lemma 2.1 ([Bau89b]). (1) The function
(2.2) qσ(x) := f
2(x)− 1
4ν2
|∇f(x)|2
is constant on Mn.
(2) Let {e1, · · · , en} be a local orthonormal frame of TM around x. The we have
(2.3) Re〈ei · σ(x), ej · σ(x)〉 = δijf(x),
where Re means taking the real part.
(3) Let dist denote the distance in Sx with respect to the real scalar product Re〈, 〉Sx.
Then
(2.4) qσ = f(x) · dist2(Vσ,
√−1σ(x)) ≥ 0,
where Vσ(x) = {X · σ(x)| X ∈ TxM} ⊂ Sx.
As in [Bau89b], a Killing spinor σ is of type I if qσ = 0 and a Killing spinor is of type
II if qσ > 0. By (2.4), this is equivalent to the simple characteristic of Killing spinors of
type I and II mentioned in Introduction. H. Baum has the following classification results
for complete Riemannian manifold with imaginary Killing spinors.
Theorem 2.2 ([Bau89b]). Let (Mn, g) be a complete connected Riemannian manifold with
an imaginary Killing spinor of type II with the Killing constant
√−1ν. Then (Mn, g) is
isometric to the hyperbolic space Hn
−4ν2 with the constant sectional curvature −4ν2.
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Theorem 2.3 ([Bau89a], [Bau89b]). Let (Mn, g) be a complete connected Riemannian
manifold with an imaginary Killing spinor of type I with the Killing constant
√−1ν. Then
(Mn, g) is isometric to a warped product (F n−1 × R, e−4νth + dt2), where (F n−1, h) is a
complete Riemannian manifold with a non-zero parallel spinor.
Conversely, let (F n−1, h) be a complete Riemannian manifold with non-zero parallel
spinors, then the warped product (Mn, g) := (F n−1 × R, e−4νth + dt2) is a complete Rie-
mannian manifold with imaginary Killing spinors of type I.
Recall how to construct a Killing spinor of type I on (F n−1 × R, e−4νth + dt2) from
a parallel spinor on (F n−1, h). When n − 1 is even, the spinor bundle over the warped
product (F n−1 × R, e−4νth + dt2) is isometric to the tensor product of the spinor bundle
over (F n−1, h) and the spinor bundle over (R, dt2). When n− 1 is odd, the spinor bundle
over (F n−1 × R, e−4νth + dt2) is isometric to the direct sum of two copies of the tensor
product of the spinor bundle over (F n−1, h) and the spinor bundle over (R, dt2). The
spinor bundle over (R, dt2) is a trivial 1-dimensional complex vector bundle. We will use
the same notation to denote two isometric spinors.
(1) If n − 1 is even, and parallel spinor on F n−1 is ψ = (ψ+, ψ−), where the decom-
position is the
√−1 and −√−1 eigenspaces decomposition for the action of the
complex volume ωC = (
√−1)n2 e1 · · · en−1 on the spinor bundle on F n−1, then we
can take
(2.5) σ = e−νtψ+ ⊗ 1
as an imaginary Killing spinor of type I on the warped product manifold.
(2) If n− 1 is odd, and parallel spinor on F n−1 is ψ, then we can take
(2.6) σ = e−νt(ψ ⊗ 1, ψˆ ⊗ 1)
as a Killing spinor of type I on the warped product manifold, where “ ˆ ” denotes
the isomorphism between two spin representations coming from projections to the
first and the second components of Cl(n− 1)⊗ C = End(Cn−22 )⊕ End(Cn−22 ).
Because the length of a parallel spinor is constant, we can always normalize the parallel
spinor ψ on F so that for the Killing spinor σ in (2.5) and (2.6) we have
〈σ, σ〉 = e−2νt.
Thus for the Killing spinor obtained above we have the length function
(2.7) f = e−2νt
only depending on the t variable on R factor. We can also see that qσ = 0. Moreover, we
can see that the action of the vector field ∂
∂t
on the Killing spinor σ is given by
(2.8) (
∂
∂t
) · σ = √−1σ.
73. Bochner type formula
In this section, we recall a Bochner type formula coming from Killing spinors in [DWW05]
and [Wan91] and present a proof.
Let (Mn, g) be a Riemannian spin manifold with spinor bundle S→M . The curvature
of a connection ∇ on a vector bundle E →M is defined as
(3.1) RXY σ = −∇X∇Y σ +∇Y∇Xσ +∇[X,Y ]σ,
for a section σ ∈ C∞(M,E) and vector fieldX, Y ∈ C∞(M,TM). Let RS be the curvature
of ∇S on the spinor bundle. Let {e1, · · · , en} be a local orthonormal frame of the tangent
bundle and {e1, · · · , en} be its dual frame. We have
(3.2) RSXY σ =
1
4
R(X, Y, ei, ej)eiej · σ,
for any spinor σ. If there exists a Killing spinor σ with Killing constant µ, the Ricci
curvature tensor satisfies
(3.3) Rij = 4µ
2(n− 1)gij,
(see, e.g. [Fri00]). As in [DWW05], we define a linear map Φ : S2(M)→ S⊗ T ∗M as
(3.4) Φ(h) = hijei · σ ⊗ ej .
Proposition 3.1 ([DWW05], [Wan91]). Let D be the twisted Dirac operator acting on
S⊗ T ∗M , and h be a symmetric 2-tensor on M . Then
(3.5)
D∗DΦ(h) =Φ((∇∗∇− 2R˚)h) + n(n− 2)µ2Φ(h) + 2µDΦ(h)
+ 4µ2(trh)ej · σ ⊗ ej − 4µ(δh)j · σ ⊗ ej .
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Proof. Fix a point x ∈ M , choose a local orthonormal frame {e1, · · · , en} around x such
that ∇ei = 0 at x. Then, at x,
(3.6)
D∗DΦ(h) = ∇ek∇elhijekelei · σ ⊗ ej +∇elhijekelei · ∇Sekσ ⊗ ej
+∇ekhijekelei · ∇Selσ ⊗ ej + hijekelei · ∇Sek∇Selσ ⊗ ej
= ∇ek∇elhijekelei · σ ⊗ ej +∇elhij(ekel + elek)ei · ∇Sekσ ⊗ ej
+ hijekelei · ∇Sek∇Selσ ⊗ ej
= ∇ek∇elhijekelei · σ ⊗ ej − 2µ∇ekhijeiek · σ ⊗ ej
+ µ2hijekeleielek · σ ⊗ ej
= −∇ek∇ekhijei · σ ⊗ ej −
1
2
Rekelhijekelei · σ ⊗ ej
− 2µ∇ekhijeiek · σ ⊗ ej + (n− 2)2µ2hijei · σ ⊗ ej
= Φ(∇∗∇h) + 1
2
Rkljphipekelei · σ ⊗ ej + 1
2
Rkliphpjekelei · σ ⊗ ej
− 2µ∇ekhijeiek · σ ⊗ ej + (n− 2)2µ2Φ(h).
In the third equality, we use the Clifford relation ekel + elek = −2δkl, and ∇SXσ = µX · σ
for any vector field X . In the fourth equality, we use twice the fact
eleiel · φ = (n− 2)ei · φ
for any spinor φ, which can easily be obtained by using the Clifford relation.
By using the Clifford relation, (3.2), and (3.3), we have
(3.7)
1
2
Rkljphipekelei · σ ⊗ ej = Φ(−2R˚h)− 4µ2Φ(h) + 4µ2trhej · σ ⊗ ej,
(3.8)
1
2
Rkliphpjekelei · σ ⊗ ej = 4(n− 1)µ2Φ(h),
(3.9) − 2µ∇ekhijeiek · σ ⊗ ej = −4µ(δh)jσ ⊗ ej + 2µek · Φ(∇ekh),
(3.10) ek · Φ(∇ekh) = DΦ(h)− (n− 2)µΦ(h).
By plugging (3.7), (3.8), (3.9) and (3.10) into (3.6), we get (3.5). 
4. Stability of Riemannian manifolds with imaginary Killing spinors
In this section, we obtain an estimate for the Einstein operator on complete Riemannian
manifolds with imaginary Killing spinors of type I. As a consequence of the estimate
and Baum’s classification results, we prove that all complete Riemannian manifolds with
imaginary Killing spinors are strictly stable.
9Let (Mn, g) be a Riemannian manifold with an imaginary Killing spinor σ of type I
with the Killing constant µ =
√−1ν. We have the following property for the map Φ
defined in (3.4).
Lemma 4.1. For all h, h˜ ∈ C∞(M,S2(M)), we have
(4.1) Re〈Φ(h),Φ(h˜)〉 = 〈h, h˜〉f,
where f = 〈σ, σ〉 is the length function.
Proof.
Re〈Φ(h),Φ(h˜)〉 = Re(hij h˜kl〈ei · σ ⊗ ej , ek · σ ⊗ el〉)
= Re(hij h˜kj〈ei · σ, ek · σ〉)
= hijh˜kjRe〈ei · σ, ek · σ〉)
= hijh˜ijf.
In the last step, we use (2.3). 
Lemma 4.2. If σ is a Killing spinor of type I as in (2.5) or (2.6), then we have
(4.2) ‖( ∂
∂t
) · Φ(h)‖ = ‖Φ(h)‖.
Proof. Choose a local orthonormal frame of TM as {e1 = ∂∂r , e2, · · · , en}. Then by (2.8),
we have
(
∂
∂t
) · Φ(h) = ( ∂
∂t
) · (h1j( ∂
∂t
) · σ ⊗ ej +
∑
i≥2
hijei · σ ⊗ ej)
=
√−1h1j( ∂
∂t
) · σ ⊗ ej −√−1
∑
i≥2
hijei · σ ⊗ ej.
Then by (2.3), we have
‖( ∂
∂t
) · Φ(h)‖2 = Re〈( ∂
∂t
) · Φ(h), ( ∂
∂t
) · Φ(h)〉
= Re〈√−1h1j( ∂
∂t
) · σ ⊗ ej −√−1
∑
i≥2
hijei · σ ⊗ ej ,
√−1h1l( ∂
∂t
) · σ ⊗ el −√−1
∑
k≥2
hklek · σ ⊗ el〉
= hijhijf
= ‖Φ(h)‖2.

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Theorem 4.3. Let (Mn, g) be a complete Riemannian manifold with an imaginary Killing
spinor σ of type I with Killing constant µ =
√−1ν. Then we have
(4.3)
∫
M
〈(∇∗∇− 2R˚)h, h〉dvolg ≥ [n(n− 2)− 4]ν2
∫
M
〈h, h〉dvolg,
for all compactly supported traceless transverse h ∈ C∞0 (M,S2(M)).
Proof. By Proposition 3.1, for any compactly supported traceless transverse symmetric
2-tensor h,
(4.4) Φ((∇∗∇− 2R˚)h) = D∗DΦ(h)− n(n− 2)µ2Φ(h)− 2µDΦ(h).
By Theorem 2.3, we can take a Killing spinor as in (2.5) or (2.6) depending on dimension
n of the manifold. Then we know the length function is given by
(4.5) f = e−2νt.
By (4.4), and Lemma 4.1, for all traceless transverse h ∈ C∞0 (S2(M)), we have
(4.6)
∫
M
〈(∇∗∇− 2R˚)h, h〉dvolg =
∫
M
Re〈Φ((∇∗∇− 2R˚)h),Φ(h)〉
f
dvolg
=
∫
M
Re〈D∗DΦ(h),Φ(h)〉
f
dvolg
− n(n− 2)µ2
∫
M
〈Φ(h),Φ(h)〉
f
dvolg
+
∫
M
Re〈−2µDΦ(h),Φ(h)〉
f
dvolg
By using (4.5) and doing an integration by parts, we obtain∫
M
Re〈D∗DΦ(h),Φ(h)〉
f
dvolg =
∫
M
‖DΦ(h)‖2
f
dvolg
+
∫
M
Re〈DΦ(h), 2ν( ∂
∂t
) · Φ(h)〉
f
dvolg.
By Cauchy inequality, we have
Re〈DΦ(h), 2ν( ∂
∂t
) · Φ(h)〉 ≥ −‖DΦ(h)‖ · ‖2ν( ∂
∂t
) · Φ(h)‖
≥ −‖DΦ(h)‖
2 + 4ν2‖( ∂
∂t
) · Φ(h)‖2
2
= −‖DΦ(h)‖
2 + 4ν2‖Φ(h)‖2
2
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Thus we have
(4.7)
∫
M
Re〈D∗DΦ(h),Φ(h)〉
f
dvolg ≥ 1
2
∫
M
‖DΦ(h)‖2
f
dvolg
− 2ν2
∫
M
〈h, h〉dvolg.
Similarly, by Cauchy inequality, we have
(4.8)
∫
M
Re〈−2µDΦ(h),Φ(h)〉
f
dvolg ≥ −1
2
∫
M
‖DΦ(h)‖2
f
dvolg
− 2ν2
∫
M
〈h, h〉dvolg.
By plugging (4.7) and (4.8) into (4.6), we complete the proof. 
Then Theorem 4.3 enables us to prove the following stability result recently obtained
in [Kro¨17] in a differential way.
Corollary 4.4. Complete Riemannian manifolds with non-zero imaginary Killing spinors
are strictly stable.
Proof. By Theorem 2.2, complete Riemannian manifolds with Killing spinors of type II
are isometric to hyperbolic spaces, and therefore are strictly stable (see [Koi79], and the
proof of Theorem 12.67 in [Bes87]). Let (Mn, g) be a Riemannian manifold with Killing
spinors of type I. If n ≥ 4, then by Theorem 4.3, (Mn, g) is strictly stable. If n ≤ 3,
we know it has negative constant sectional curvature, and therefore it is also strictly
stable. 
5. Stability of Riemannian manifolds with real Killing spinors
In this section, we give a stability condition for manifolds with real Killing spinors in
terms of a twisted Dirac operator. Because the length function of a real Killing spinor is
constant, an estimate for the Einstein operator can be obtained easier than the case of
imaginary Killing spinor. However, unlike imaginary Killing spinor case, from the estimate
we cannot conclude a general stability result for manifolds with real Killing spniors.
Let (Mn, g) be a Riemannian manifold with a real Killing spinor σ with Killing constant
µ. Without loss of generality, we can choose σ to be of unit length.
Lemma 5.1. For all h, h˜ ∈ C∞(M,S2(M)), we have
Re〈Φ(h),Φ(h˜)〉 = 〈h, h˜〉.
Then by Proposition 3.1, Lemma 5.1, and the fact that µ
∫
M
〈DΦ(h),Φ(h)〉dvolg is real,
we obtain the following estimate for the Einstein operator ∇∗∇− 2R˚.
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Theorem 5.2 ([GHP03], [Wan91]). If the Killing constant µ is real, then, for all traceless
transverse h ∈ C∞(M,S2(M)),
(5.1)
∫
M
〈(∇∗∇− 2R˚)h, h〉dvolg =
∫
M
〈DΦ(h), DΦ(h)〉dvolg
− 2µ
∫
M
〈DΦ(h),Φ(h)〉dvolg
− n(n− 2)µ2
∫
M
〈h, h〉dvolg.
Remark 5.3. As mentioned in [Die13] and [Kro¨17], Theorem 5.2 has been used to obtain
a lower bound on the eigenvalues of the Einstein operator in [GHP03]. The lower bound
is −(n− 1)2µ2, as we can also see in the following Corollary 5.4.
Corollary 5.4. A Riemannian manifold with a non-zero real Killing spinor with the
Killing constant µ is stable if the twisted Dirac operator D satisfies
(D − µ)2 ≥ (n− 1)2µ2,
on {Φ(h) : h ∈ C∞(M,S2(M)), trh = 0, δh = 0}.
Proof. By Theorem 5.2, for traceless transverse symmetric 2-tensor h, we have
(5.2)
∫
M
〈(∇∗∇− 2R˚)h, h〉dvolg =
∫
M
〈(D − µ)2Φ(h),Φ(h)〉dvolg
− (n− 1)2µ2
∫
M
〈h, h〉dvolg.
This implies the stability condition. 
6. Some unstable regular Sasaki-Einstein manifolds
In this section, we study instability of regular Sasaki-Einstein manifolds, which would then
be essentially total spaces of principal circle bundles over Ka¨hler-Einstein manifolds with
positive first Chern classes. A product of two Einstein manifolds (Bn1 , g1) and (B
n2 , g2)
with the same positive Einstein constant is an unstable Einstein manifold. Indeed, h =
g1
n1
− g2
n2
is an unstable traceless transverse direction. We show that if the base manifold
of a regular Sasaki-Einstein manifold is a product of two Ka¨hler-Einstein manifolds then
we obtain an unstable direction on the Sasaki-Einstein manifold by lifting this unstable
direction on the base Ka¨hler-Einstein manifold to the total space.
Let us first recall some basic facts about Sasaki manifolds. For details, we refer to
[Bla10] and [FOW09]. A quick definition of Sasaki manifolds is given as the following,
see, e.g. [FOW09].
Definition 6.1. (Definition 1 of Sasaki manifolds) (Mn, g) is said to be a Sasaki manifold
if the cone (R+ ×M, dr2 + r2g) is Ka¨hler, where R+ = (0,+∞), and r is coordinate on
R+.
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Remark 6.2. From Definition 6.1, we note that a Sasaki manifold has to be of odd
dimension.
There are several equivalent definitions of Sasaki manifolds. The one given in the
following looks more complicated and tells us more about structure on Sasaki manifolds
themselves.
Definition 6.3. (Definition 2 of Sasaki manifolds) Let (M2p+1, g, φ, η, ξ) be a Riemannian
manifold of odd dimension 2p + 1 with a (1, 1)-tensor φ, 1-form η, and a vector field ξ.
It is a Sasaki manifold, if
(1) η ∧ (dη)p 6= 0,
(2) η(ξ) = 1,
(3) φ2 = −id + η ⊗ ξ,
(4) g(φX, φY ) = g(X, Y )− η(X)η(Y ),
(5) g(X, φY ) = dη(X, Y ),
(6) the almost complex structure on M2p+1 × R defined by
J(X, f
d
dr
) = (φX − fξ, η(X) d
dr
)
is integrable,
for all vector fields X and Y on M2p+1. The vector ξ is called the Reeb vector field. And
this is a regular Sasaki manifold if the Reeb vector field ξ is a regular vector field. If, in
addition, g is an Einstein metric, then this is a Sasaki-Einstein manifold.
Remark 6.4. As consequences of Definition 6.3, we have φξ = 0, η ◦ φ = 0, and ∇Xξ =
−φX, in particular, ∇ξξ = 0. Moreover, ξ is a Killing vector field. For details, see, e.g.
[Bla10].
Remark 6.5. Let us recall one more definition of Sasaki manifold. (Mn, g) is a Sasaki
manifold if there exists a Killing vector filed ξ of unit length on Mn so that the Riemann
curvature satisfies the condition
(6.1) RXξY = −g(ξ, Y )X + g(X, Y )ξ,
for any pair of vector fields X and Y on Mn. Then from (6.1), we can easily see that on
a Sasaki-Einstein manifold (Mn, g) of dimension n, Ricg = (n− 1)g.
The relationship between real Killing spinors and the Sasaki-Einstein structures has
been observed by Th. Friedrich and I. Kath in [FK89] and [FK90], and then was further
studied by C. Ba¨r in [Bar93]. We briefly summarize their results as the following.
Theorem 6.6 (Th. Friedrich and I. Kath, and C. Ba¨r). A complete simply-connected
Sasaki-Einstein manifold of dimension n with Einstein constant n − 1 carries at least 2
linearly independent real Killing spinors with distinct Killing constants equal 1
2
and −1
2
for n ≡ 3(mod4), and to the same Killing number equals 1
2
for n ≡ 1(mod4), respectively.
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Conversely, a complete Riemannian spin manifold with such spinors in these dimen-
sions is Sasaki-Einstein.
Remark 6.7. Th. Friedrich also proved that a complete 4-dimensional manifold with a
real Killing spinor is isometric to the standard sphere in [Fri81]. And O. Hijazi proved
the analogous result in dimension 8 in [Hij86]. More generally, C. Ba¨r proved that all
complete manifolds of even dimension n, n 6= 6, with a real Killing spinor are isometric
to a standard sphere in [Bar93]. Thus, complete manifolds of even dimension n, n 6= 6,
with a real Killing spinor are strictly stable.
Remark 6.8. In the first part of Theorem 6.6, we need at least two linearly independent
real Killing spinors in order to have a Sasaki-Einstein structure. Actually, on a complete
Riemannian spin manifold of odd dimension, except 7, existence of one Killing spinor
automatically implies the existence of the second one that we need in Theorem 6.6. The 7-
dimensional manifolds with a single linearly independent Killing spinor has been studied
in [Kat90] and in more details in [FK97]. We also refer to the book [BFGK91]. The
Jensen’s sphere is a 7-dimensional complete manifold with a single linearly independent
Killing spinor, and it is unstable as mentioned in Introduction. We refer to [ADP83],
[Bar93], [Bes87], [Jen73], and [Spa11] for this interesting example.
Now let us recall the construction of a typical regular Sasaki manifold in [Bla10]. Let
(B2p, G, J) be a Ka¨hler manifold of real dimension 2p, with the Ka¨hler form Ω = G(·, J ·),
where G is a Riemannian metric and J is an almost complex structure. Then let pi :
M2p+1 → B2p be a principal S1-bundle with a connection η with the curvature form
dη = 2pi∗Ω. Let ξ be a vertical vector field on M2p+1, generated by S1-action, such that
η(ξ) = 1, and X˜ denotes the horizontal lift of X with respect to the connection η for a
vector field X on B2p. We set
(6.2) φX = J˜pi∗X,
and
(6.3) g(X, Y ) = G(pi∗X, pi∗Y ) + η(X)η(Y ),
for vector fields X and Y on M2p+1. Then (M2p+1, g, φ, η, ξ) is a regular Sasaki manifold.
Conversely, any regular Sasaki manifold can be obtained in this way, see, e.g. Theorem
3.9 and Example 6.7.2 in [Bla10]. Moreover, if (M2p+1, g) is Sasaki-Einstein with Einstein
constant 2p, then (B2p, G, J) is Ka¨hler-Einstein with Einstein constant 2p+ 2.
We fix some notations before carrying on calculations. ∇g and ∇G denote the Levi-
Civita connections on (M2p+1, g) and on (B2p, G), respectively. Rg and Ricg, and RG and
RicG denote Riemann and Ricci curvatures on (M2p+1, g) and on (B2p, G), respectively.
In the rest of this section, we use X, Y, Z,W, · · · to denote vector fields on B2p, and we use
X˜, Y˜ , Z˜, W˜ , · · · to denote their horizontal lift to M2p+1 with respect to the connection
η. And we choose and fix a local orthrnormal frame {X1, X2, · · · , X2p} of TB. Then
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{X˜1, X˜2, · · · , X˜2p, ξ} is a local orthonormal frame of TM . We use ∇gi to denote ∇gX˜i, and
∇Gi to denote ∇GXi.
Lemma 6.9. On a regular Sasaki manifold (M2p+1, g, φ, η, ξ) constructed above. We have
(6.4) [ξ, X˜] = LξX˜ = 0,
(6.5) ∇g
X˜
Y˜ = ∇˜GXY − Ω(X, Y )ξ,
(6.6) ∇gξX˜ = ∇gX˜ξ = −φX˜,
(6.7) ∇gξξ = 0.
Proof. The equality (6.4) follows from the fact that the horizontal distribution is S1
invariant and ξ is generated by the S1-action. Then the rest properties for covariant
derivatives follow from properties in Remark 6.4, (6.4), and the fundamental equations of
a submersion in [One66] (also see [Bes87] for the equations). 
Let h ∈ C∞(B, S2(B)), and then h˜ = pi∗h ∈ C∞(M,S2(M)). Then by Lemma 6.9 and
straightforward calculations, we obtain a relationship between (∇g)∗∇gh˜ and (∇G)∗∇Gh.
Lemma 6.10.
(6.8) (∇gk∇gkh˜)ij = (pi∗(∇Gk∇Gk h))ij − 2h˜ij,
(6.9) (∇g
∇
g
k
X˜k
h˜)ij = (pi
∗(∇G
∇G
k
Xk
h))ij ,
(6.10) (∇gξ∇gξ h˜)ij = −2h˜ij + 2h˜(φX˜i, φX˜j),
and therefore,
(6.11) ((∇g)∗∇gh˜)ij = (pi∗((∇G)∗∇Gh))ij + 4h˜ij − 2h˜(φX˜i, φX˜j),
for all 1 ≤ i, j ≤ 2p, where we take summation for the repeated index k through 1 to 2p.
Because pi :M2p+1 → B2p is a Riemannian submersion, by the fundamental equation in
[One66] and also in Theorem 9.26 in [Bes87], we have the following relationship between
curvature tensors on M2p+1 and ones on B2p.
Lemma 6.11.
(6.12)
Rg(X˜, Y˜ , Z˜, W˜ ) = (pi∗RG)(X, Y, Z,W )
− 2(pi∗Ω)(X˜, Y˜ )(pi∗Ω)(Z˜, W˜ )
− (pi∗Ω)(X˜, Z˜)(pi∗Ω)(Y˜ , W˜ )
+ (pi∗Ω)(X˜, W˜ )(pi∗Ω)(Y˜ , Z˜),
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(6.13) Rg(X˜, ξ, Y˜ , ξ) = g(X˜, Y˜ ),
and therefore,
(6.14) Ricg(X˜, Y˜ ) = (pi∗RicG)(X˜, Y˜ )− 2g(X˜, Y˜ ).
From (6.14), we can see that if g is Einstein with Einstein constant k then G is also
Einstein with Einstein constant k + 2. Moreover, the above relations between curvatures
directly imply a relation between R˚gh˜ and R˚Gh.
Lemma 6.12.
(6.15) (R˚gh˜)ij = (pi
∗(R˚Gh))ij − 3h˜(φX˜i, φX˜j)− (pi∗Ω)(X˜i, X˜j)
2p∑
k=1
h˜(X˜k, φX˜k),
for all 1 ≤ i, j ≤ 2p.
Theorem 6.13.
(6.16) 〈(∇g)∗∇gh˜− 2R˚gh˜, h˜〉 = (〈(∇G)∗∇Gh− 2R˚Gh, h〉+ 4〈h, h〉+ 4〈h ◦ J, h〉) ◦ pi.
Therefore,
(6.17)
∫
M
〈(∇g)∗∇gh˜− 2R˚gh˜, h˜〉dvolg
=
∫
B
(〈(∇G)∗∇Gh− 2R˚Gh, h〉+ 4〈h, h〉+ 4〈h ◦ J, h〉)dvolG.
Proof. By Lemma 6.10 and Lemma 6.12, we directly have
(6.18)
〈(∇g)∗∇gh˜− 2R˚gh˜, h˜〉 =(〈(∇G)∗∇Gh− 2R˚Gh, h〉+ 4〈h, h〉
+ 4〈h(J ·, J ·), h〉+ 2(trG(h(J ·, ·)))2) ◦ pi.
Then it suffices to show that trG(h(J ·, ·) = 0. Because (B2p, G, J) is Ka¨hler, and in
particular complex, we can choose a local orthonormal frame of TB in the form of
{X1, · · · , Xp, JX1, · · · , JXp}. Then
trG(h(J ·, ·)) =
p∑
i=1
h(JXi, Xi) +
p∑
j=1
h(J2Xj, JXj) = 0,
by using J2 = −id and the symmetry of h. 
We choose a local orthonormal frame {X1, · · · , Xp, JX1, · · · , JXp} of TB as in the
proof of Proposition 6.13, and set
h(Xi, Xj) = hij , h(Xi, JXj) = hij¯ , h(JXi, Xj) = hi¯j, h(JXi, JXj) = hi¯j¯,
for all 1 ≤ i, j ≤ p.
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Then we have
(6.19) 〈h, h〉 =
p∑
i,j=1
(hijhij + hij¯hij¯ + hi¯jhi¯j + hi¯j¯hi¯j¯),
(6.20) 〈h ◦ J, h〉 =
p∑
i,j=1
2(hijhi¯j¯ − hi¯jhij¯) ≤ 〈h, h〉.
For any h ∈ C∞(S2(B)), by doing directly calculations, we have that trgh˜ = trGh,
(δgh˜)(X˜) = (δGh)(X), and (δgh˜)(ξ) = −trG(h(J ·, ·)) = 0. Consequently, if h is traceless
and transverse, then so is h˜.
Corollary 6.14. If there exists a traceless transverse symmetric 2-tensor h ∈ C∞(B, S2(B))
such that
∫
B
〈(∇G)∗∇Gh−2R˚Gh, h〉dvolG ≤ −8
∫
B
〈h, h〉dvolG, then (M2p+1, g) is unstable.
Proof. Proposition 6.13 and the inequality (6.20) directly imply the conclusion. 
Corollary 6.15. If the base space (B2p, G) of a regular Sasaki-Einstein manifold (M2p+1, g)
is the Riemannian product of Ka¨hler-Einstein manifolds (B2p11 , G1) and (B
2p2
2 , G2), where
p1 + p2 = p, then (M
2p+1, g) is unstable.
Proof. Set h = G1
2p1
− G2
2p2
. h is a traceless transverse symmetric 2-tensor and is an unstable
direction of (B2p, G) = (B2p11 , G1)× (B2p22 , G2). Let us recall
(6.21) Ricg = (2p1 + 2p2)g,
(6.22) RicG = (2p1 + 2p2 + 2)G.
Then we have
(6.23) 〈(∇G)∗∇Gh− 2R˚Gh, h〉 = −2RG1
4p21
− 2RG2
4p22
= −2(p1 + p2 + 1)( 1
p1
+
1
p2
).
Moreover,
(6.24) 〈h, h〉 = 〈h ◦ J, h〉 = 1
2p1
+
1
2p2
.
Thus, by Theorem 6.13, we have
(6.25) 〈(∇g)∗∇gh˜− 2R˚gh˜, h˜〉 = −2(p1 + p2 − 1)( 1
p1
+
1
p2
) < 0,
if both p1 ≥ 1 and p2 ≥ 1. 
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